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Abstract — The probability hypothesis density (PHD)
filter and cardinalized probability hypothesis density
(CPHD) filter are principled approximations of the
general multitarget Bayes recursive filter. If n is the
current number of tracks and m the current number of
measurements, then the former has computational
complexity O(mn) and the latter O(m*n). Although the
CPHD filter has better target detection and tracking
performance than the PHD filter, its cubic complexity in
m will limit its practicality in many applications. The
purpose of this paper is to derive a CPHD filter that,
thanks to a simplified clutter model, has computational
complexity O(mn). 1 also show how to extend this
simplified CPHD filter to the multisensor case.

Keywords:  CPHD filter, PHD filter, multitarget
tracking, multitarget filtering, random sets, multisource
integration.

1 Introduction

The probability hypothesis density (PHD) filter [6,8] and
cardinalized PHD (CPHD) filter [7,8] are principled
approximations of the single-sensor, multitarget recursive
Bayes filter. The PHD filter propagates a probability
hypothesis density (PHD) Dyx(x|Z®) with computational
complexity O(mn), where m is the current number of
measurements and n  the current number of tracks.
Although computationally attractive, it provides large-
variance instantaneous estimates of target number.

The cardinalized PHD (CPHD) filter addresses this
shortcoming. In addition to the PHD, it propagates the
distribution  pek(njZ%) on target number n (a.k.a. the
cardinality distribution). Although it has better tracking
performance than the PHD filter, it achieves this at the
price of greater computational complexity: O(m®n). The
cubic complexity in m will limit the practicality of the
CPHD filter in many applications.

In this paper | derive a linear-complexity CPHD
(LC-CPHD) filter—i.e., a filter that propagates
Dik(X(Z%) and pe(n|z®) with complexity O(mn). |
also derive multisensor versions of this filter.

The single-sensor LC-CPHD filter is a special case
of CPHD filters that are “clutter-agnostic”—i.e., capable
of operation in unknown, dynamic clutter backgrounds.

In [3] | assumed that clutter measurements are
generated by an unknown number of clutter generators,
with the measurement process for each generator being a

Poisson process with unknown parameters. This filter
appears to be computationally intractable.

In a subsequent paper [9] I achieved computational
tractability by using a simpler clutter model. The
measurement process for each clutter generator ¢ is a
Bernoulli process with unknown parameters. That is:
each clutter generator generates at most a single
measurement with probability 0 < c < 1, and the spatial
distribution of this measurement is cy.1(z|[c).

The LC-CPHD filter results when we assume that
(1) c=1and c1(z|c) = ckea(2), (2) no clutter generators
survive prediction, (3) clutter generators spontaneously
appear during prediction, and (4) the birth process for
these generators is a known i.i.d. cluster process.

1.1 Organization of the paper

The paper is organized as follows. | summarize the main
results in Section 2 (single-sensor case) and Section 3
(multisensor case). In support of the derivation, in
Sections 4 and 5 | summarize, respectively, “clutter-
agnostic” CPHD filters [9] and the multisensor CPHD
filter [1]. In Section 6 | show that the “multitarget
intensity filter,” claimed to be a clutter-agnostic
generalization of the PHD filter, is profoundly erroneous.
I also point out that the most general “clutter-agnostic”
PHD filter described in [9] is a non-erroneous,
theoretically rigorous “intensity filter.”  Mathematical
derivations are in Section 7 and conclusions in Section 8.

2 Main results: Single-sensor

In this section | summarize the predictor equations
(Section 2.1), corrector equations (Section 2.2), and
multitarget state estimation procedure (Section 2.3) for the
single-sensor LC-CPHD filter. The abbreviation p.g.f.
means “probability generating function.”

2.1 Predictor equations: single-sensor

In what follows, let:

® bi(X) = PHD of the target-appearance process,

® ps+1(X’) = probability that a target with state x' at
time-step k will survive into time-step k+1,

o fiuk(X|x") = single-target Markov transition density,

* B, (x) = p.g.f. for the target-birth process,

o C+1(2z) = p.g.f. of the clutter process at time-step k+1,
with clutter rate ¢®, (1) = 4, ,-

Then the predictor equation for the PHD is



Dy (X) = by gy (X) + _[ Ps i (X)+ figu (X X7) - Dy (X)dx o)
The predictor equation for the p.g.f. is
Gk (¥) = By (X) - Cy 1 () - Gy L=y + - X) O]
where
_ Dk\k[ps,sﬂ\k] 3
YT el <
and where Dyglh] = | h(x)-Dyk(x)dx for any h(x). Egs.
(1-3) are established in Section 7.1.

2.2 Corrector equations: single-sensor

Let a single sensor collect measurements. Let:
® pp(X) = probability of detection at time-step k+1,
o L,(X) = fr+1(zX) = likelihood function at time-step k+1,
o Cy.1(z) = clutter spatial distribution at time-step k+1,
® M1 = clutter rate at time-step k+1.
Assume Dy.qi[ppl,] > 0 for all z. The sensor collects a
measurement-set Zy.; With | Zy,1| =m. Then
D1 (X) _ 1-pp(x) GIETlTI? (4)
D (®) Ny + A GIETl)\k(¢k) 4)
Po(x) - L, (%)
zeZy .y /11<+1Ck+1(z) + Dk+l\k[ pDLz]

+

where
4 = Dk+l\k[1_ pD] (5)
Ny + e
Also, the corrector equation for the p.g.f. is
G (X) = w ©)
k+1|k(¢k)
In Section 3.2 we will also need the corrector equation for
the cardinality distribution. This is
EZM (n) : pk+1\k (n) (7)
1020, (1) P (J)

Paisa(N) = Z

where

(0, () =Cppegl ™ (8)
and where C,, is the combinatorial coefficient, with
Cnhm =0 if n<m. Eqgs. (4-8) are proved in Section 7.2.

2.3 Multitarget state estimation

The usual procedure for multitarget state estimation with
the CPHD filter is: (1) determine the MAP estimate v =
argsupn Prsk+1(n) of target number; (2) determine the v
largest peaks of the PHD Dy.qp:1(X); and (3) determine
the states Xg,..., X, corresponding to these peaks. Then
X = {Xa,-.., X,} s the multitarget state estimate.

For the LC-CPHD filter, this procedure is invalid.
The reason is that n in  Pyake(n) is the sum of the
number of targets and the number of clutter generators.
Step (1) is replaced by: compute the expected number of
targets, Nisier = Disapra(X)dx, and round off  Nisqpes
to the nearest integer v. Then proceed as in Steps (2), (3).

3 Main results: Multisensor

In this section | summarize the predictor equations
(Section 3.1) and corrector equations (Section 3.2) for the
multisensor LC-CPHD filter.

3.1 Predictor equations: multisensor

Suppose that there are s independent sensors and that,
for j=1,...,s, the j™ sensor has collected the sequence

729:7,,..,7, 9)
of measurement-sets. The predicted PHD and p.g.f.
lDsk+1u< (X)» 1G>S|K+1||K(X) (10)

are determined as follows. Let:

® by(x) = PHD of the target-appearance process,

® Psi(X’) = probability that a target with state x' at
time-step k will survive into time-step k+1,

e fiuk(X|x") = single-target Markov transition density,

® B, (x) = p.g.f. for the target-birth process,

e Ciu(z) = p.g-f. of the clutter process for the j™ sensor at

time-step k+1, with clutter rate C © (1) = 4.1
Then the predictor equation for the PHD is
Dt (%) = by 4 (%) + [ P ()« Fe (X[ X) - Di(x)lx (1)
The predictor equation for the p.g.f. is
1.8 1 s 1l.s
Grak(X) = Bk+1|k(x) Cra(X) - Craa(X) - Gk L=y + i - X)
(12)
where
_ Dklk[ps,k+1|k] (13)
k™ (6]
Gk\k (1)
Egs. (11-13) are established in Section 7.3.
3.2 Corrector equations: multisensor
In what follows, let
1DS k+1k (X) (14)

1

N 1k

1Nsk+1u< = ka+1|k(X)dX, 1Ssk+1u< x) =
and let G,y (x) be the p.g.f. of lpskﬂ‘k(n). For j=
1,...,s, let the probability of detection and likelihood
function of the j™ sensor be

Po(¥) = Porn,  Li)=f,,2[%) (15)

with Bk+nk[£)D L,]>0 for all z and all j. Sensor
clutter processes are i.i.d. clutter processes where
ék+1(zl)| ék+1(z) (16)
is the clutter spatial distribution and probability
generating function (p.g.f.) of the clutter process.

Finally suppose that, at time-step k+1 and for j =
1,...,5, the sensors simultaneously collect new

s . ]
measurement-sets 2k+1,...,Zk+1 with | Zea |:njw. Then



the  measurement-updated multisensor PHD and

cardinality distribution are

1DskJrl\kJrl(X) = 1Ls%k 1, Ek 1 (X) . 1ssk+l|k (X) (17)
e p(n) o’ 18
p k+1|k+1(n) = G(O') (18)

where

é'il)(o-) . |1_%k+1 (X)--~|S_§m (X) (19)
Glo) 4

s
N k+1lk+1*"* N k+1k+1

1.8
L2 (X) =

Sl Lid (20)

1 s
\PEETCRRR \ Pvher)

G(x) =Y B(n)-x" (21)
B(n) = (3. (n)---?zk () Py (22)

1-Po(x) ‘kfiaﬁ(m

LZk 1(X) 23
N Ktk + ik+1 G k+l\k (¢k) (23)
e Po(9- L (x)
22 /1k+1ck+1(2) + Dl py L 1
N S K1k [1— p ] G (knlﬂlk) (¢ )
k+1k+1 = 1 24)
Nk+1\k+/1k+1 k+1\k(¢k) (
+ z §k+1|k[pD LJ]
dbn Ak Cia(Z) + Dk+1|k[pD Li]
and where, for j=1,...,s,
Lam=C 9] (25)
- Dkl py] (26)

1N5k+1\k+ im
Egs. (17-26) are established in Section 7.4.

4  Clutter-agnostic CPHD filters (review)

The “classical” PHD and CPHD filters are based on the

presumption that the following items are known a priori:

the global probability of detection pp(x), and the spatial

density cx.1(2) and p.g.f. Cy1(z) of the clutter process.

In recent conference papers [2,9,10], | have derived

generalizations of the CPHD filter in which

e pp(X) is unknown (“pp-agnostic”), or

® C+1(2) and Cy.1(z) are unknown (“clutter-agnostic™), or

e pp(X), C1(2), and Cy.1(z) are all unknown (“pp-and-
clutter-agnostic™).

There are actually three clutter-agnostic CPHD filters, of

successively increasing generality.

The LC-CPHD filter summarized in Section 2.1 is a
special case of the least general clutter-agnostic CPHD
filter. In this section I describe the clutter-agnostic CPHD
filters, with special emphasis on this least general case.

4.1 Clutter-agnostic CPHD filters in general

All three clutter-agnostic CPHD filters assume that the
clutter rate

Ay = J.Kkn(z)dz (27)

is unknown, where x.1(z) is the PHD (a.k.a. the
intensity function) of the clutter process. The first and
most general filter assumes that xi.1(z) is completely
unknown and must be estimated. The second and less
general filter assumes that the spatial distribution
o (2) = K@ (28)
+1
is known but that the probability of detection p; (c) of
any given clutter generator ¢ is unknown and must be
estimated along with A;. The third and least general
filter assumes that cy.,1(z) is known and that
Po(C) = Pp (29)
is known and constant, and that it is A that must be
estimated.  This filter has the same computational
complexity as a PHD filter: O(mn).

4.2 Simplest clutter-agnostic CPHD filter

This simplest filter [2,9] propagates three items: the
target PHD Dy(x), the expected number N of clutter

generators, and the p.g.f. Gi(x) of the combined number
fi=n+n° of targets and clutter generators.

Predictor Equations. The PHD predictor is:
Dk+1\k(x) = bk+l|k (x) +J. ps,k+1|k(x‘)' fk+l|k (x]x7)- Dk\k(x)dx (30)
where  bya(x) s the PHD of the target-appearance
process, Psx+(X’) is the probability that a target with
state x’' at time-step k will survive into time-step k+1,
and fiqu(X[x") is the single-target Markov density.

The predictor equation for the expected number of
clutter generators is

Ny = N + Ps o - N :‘k (31)

where N is the expected number of appearing clutter

B k-+1lk

generators and is the probability that clutter

Ps k1
generators at time-step k will persist into time-step k+1.
The predictor equation for the p.g.f. is

Gy (X) = By (X) - By (¥) - Gy L=y + 1 - X) (32)
where By (X) is the p.g.f. for the target-birth process,

By (X) is the p.g.f. for the generator-birth process, and

Dklk[ps‘k+l|k]+ Ps oai Ni (33)
Ny + Ny
Corrector Equations. Let pp(x) be the probability
of detection, L,(x) = fi.1(z]x) the likelihood function,
C+1(z)  the clutter spatial distribution, and p; the

probability of detection for clutter generators. Assume
Dysaw[pol;] > 0 for all z. Suppose that a new
measurement-set Zy.; is collected with |Zy.4| = m. Then
the PHD corrector is

K=



1-pp(¥) Gl (4)

k+1\k(¢k) (34)
Po (X)L, (X)
2eZ,, pODNkD+1|kCK+1(Z) + Dk+1\k[ poL.]

Dk+1|k+1(x) _
Dea(®) Ny + Ny

where
_ D= ppl+ Ny g (1= pp) (35)
¢ = .
Nyoa + Ny
The corrector for the expected number of clutter
generators is

N:+1\k+1 — 1_ poD leJ\rl} (¢)
Nl:+l\k Nk+l|k + N;+1|k k+1\k(¢) (36)
pE)Ck+1(Z)

+
2€Zyq pE)NI:+l|ka+1(Z) + Dk+l\k[pD Lz]
The corrector equation for the p.g.f. is

) Xm 'GET:EH((X ¢k) (37)
Gk+1|k+l(x) - W

5 Multisensor CPHD filters (review)

In a companion paper at this conference [1], | demonstrate
that there are multisensor CPHD filters that (1) are
invariant under sensor reordering, (2) require much
weaker simplifying assumptions than the iterated-
corrector approach to multisensor CPHD filtering, and (3)
are potentially computationally tractable. In this section |
summarize the measurement-update equations for this
product multisensor CPHD (PM-CPHD) filter. Let
notation be as specified in Section 3.1. Then the
measurement-updated multisensor PHD and cardinality
distribution are, respectively,

1D‘Sk+1\k+1(x) = 1LSik 1, Ek 1 (X) . lssk+1|k (X) (38)
L p(n)-o" %
p k+1|k+1(n) = G(O’) ( )

where

é‘il)(o.) . Li (X)---ls_im (x) (40)
G(o)

1.8
1
L z k+1,...,2k+1 (X) =
X
N a1« - N

_ 1ssk+1\k[ll—ik+1 -"|s-im] (41)
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G(x)=>" B(n)-x" (42)

BN = F ()l (1) () (43)
and where, for j=1,...,s,

1l

=S G O-1C,, - S - ol o1 (Za)
7 (44)
L2 () = ao(l- o () + 3. Po()-Li(9) a(@)  (45)
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Nt = o Sonll— pol+ 3 S k[ Pp Lz]- a(z) (46)

J

;ezjku Ck+1(£)
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o = 'To
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i—0

%71 T-1-1) (1+1)
D C{'™(0)- Gk:l\k (7) O'I(Zk*fl {Z}) (48)
O!(Z) 1=0

i

i D (0)-6 0y (1) 01(Z4)

S k+1\k[pD |-21 155k+1|k[FJ)D Il-;rjn] (49)

] 1l
Ck+1(Zan)

G|(Z k1) = O, [
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=5 ks [1— p 1 (50)

6 The “multitarget intensity filter”

At this conference in 2008, R. Streit and L. Stone [12]
claimed to have derived a “multitarget intensity filter”
using an “elementary” Poisson point process (PPP)
approach that includes the PHD filter as a special case and
which is capable of estimating the intensity function

Kiw1(z) of the clutter process. Their claimed derivation

employed an “augmented” state space S* =S uU S, where

S is the single-target state space and S, is a space of

“clutter targets.” Specifically, these authors claimed:

e “[T]he target birth and measurement clutter processes
that are assumed specified a priori in [Mahler’s PHD
papers] are estimated here” (p. 1, top of 2™ column).

e “Replacing the estimated clutter intensity with the a
priori clutter intensity gives the PHD filter...” (p. 6, 1%
paragraph).

e The “intensity filter” and thus the PHD filter can be
“understood in essentially elementary terms” using
“PPP's at an elementary level” (2™ paragraph, Sect. 1).

Explicitly or implicitly, Streit in particular has made
the following rather bold claim: Because the PHD
filter—and “multitarget intensity filters” in general—
require only the elementary “PPP approach,” the FISST
multitarget calculus is a needless mathematical
obfuscation, soon to be swept into the dustbin of history
by that approach.

Streit has also claimed [11] that similar “elementary”
methods produce a “general multisensor intensity filter,”
allegedly superior to the iterated-corrector heuristic used
for multisensor PHD filtering—thus further demonstrating
that the “PPP approach” has supplanted FISST.

Such audacity might be justifiable if the authors’
claims were true. They are not. Recently [5]
demonstrated that the “general multisensor intensity
filter” is erroneous. It does not reduce to the correct (and
intuitively obvious) answers in important special cases,
and will perform badly in even the easiest multitarget



tracking problems. The reason is that its measurement-

update equation involves a sum Il_ik+1(X)+...+Is_ik+1(X)

rather than, as in Section 5, a product [, . x)--- L2, (x)

of pseudo-likelihoods. It is thus incompatible with the

assumption of independence of sensors.

In this section | complete this critique. |
demonstrate that even the single-sensor “multitarget
intensity filter” is profoundly erroneous. This
demonstration is of clear scientific interest. It exposes the
falsity of supposedly rigorous mathematical criticisms of
FISST and the PHD filter, and highlights the dangers of
eschewing rigorous, FISST-based reasoning. Since it
requires unearthing multiple errors buried in a lengthy
argument, it is itself necessarily detailed and long. Those
readers who do not find it interesting are encouraged to
skip to Section 7.

The most serious issues with the “multitarget
intensity filter” are as follows:

1. The authors’ derivation is not based on some
underlying, systematic “PPP approach,” as claimed.
Rather, it consists of an extemporized sequence of ad
hoc arguments and hidden assumptions—many of
which are seriously flawed and even erroneous—
contrived so as to reverse engineer the PHD filter
equations.

2. The authors provide no concise description of the
“intensity filter.” Rather, the reader must ferret out its
defining equations, its a priori models, and its
simplifying assumptions from an involved mathematical
argument that stretches over many pages.

3. The only strong simplifying assumption required for
the derivation of the PHD filter is that, in the
measurement-update step, the predicted multitarget
distribution fi.1(X|Z®) must be Poisson. The authors’
derivation requires several additional hidden, ad hoc
assumptions:  (a) the distribution  fi,(X|Z¥) s
Poisson;* (b) targets do not spawn other targets;? (c) the
intensity function of the target-birth process is
constant;® (d) the posterior detected-target distribution
is approximately Poisson;* (e) targets are well-
separated relative to sensor resolution;®> and (f) S is
bounded.® Thus even if their derivation were not
erroneous, the authors would not have actually
succeeded in re-deriving the PHD filter in an
“elementary” fashion, as claimed.

4. In particular, the hidden assumption that targets are
well-separated negates the authors’ claim to have a
“multitarget” filter.

! Their Eq. (5) in [11].

2 Implicit in their Eq. (8).

® Implicit in their Eqgs. (40,41).

* Their Eq. (22).

® Implicit in their Eq. (26).

® Implicit in their Eq. (37) if c,# 0. Also since the target-birth spatial
distribution must be uniform because of Item 3-(c).

5. The only way that new actual targets can appear is
when clutter targets transition to actual targets.” This
model of target birth is phenomenologically erroneous.

6. Certain steps in the derivation of the “intensity filter”
have no evident justification and some are erroneous.

7. In particular, the authors’ derivation of their corrector
equation involves a fatal mathematical error, with the
consequence that the “intensity filter” is not valid for all
measurement collections.

8. The “intensity filter” cannot, as claimed, estimate the
intensity function of the clutter process.

9. Nor can it, as claimed, estimate the intensity function of
the target-appearance process—or even the birth rate.
10. If one applies the PHD and CPHD filter equations to
the space S§=8uUS, and applies some simple
algebra, one gets non-erroneous, theoretically rigorous
“multitarget intensity filters.” Indeed, the most general
“clutter-agnostic” PHD filter described in [9] does
estimate the clutter intensity function. The simplest
filter described in [2,9], and in Section 4.2, is what
results if one replaces the complex and erroneous “PPP
approach” in [12] with a simple, rigorous argument.
This means that the authors’ “PPP approach” is not only
misconceived, but a needless mathematical obfuscation.

In the remainder of this section | provide greater
detail to substantiate these claims.

Item 5: The authors use a Markov transition—from
clutter targets to actual targets—to model the birth of
actual targets.  This model is phenomenologically
erroneous. Suppose that the clutter statistics are very
unlike the target statistics. Exploiting this difference
would make it easier to distinguish targets from clutter.
But if clutter targets can transition to actual targets, then
clutter statistics are inherently intermixed with target
statistics—thus making it more difficult, not less difficult,
to distinguish targets from clutter.

Though the authors do not do so in [12], note that it
would be equally erroneous to model target deaths as a
Markov transition from actual targets to clutter targets.

Correct target birth and death modeling follows from
an elementary fact about point processes. A point process
on the single-target space S is a random finite subset =
of S. The null instantiation = =& of E represents the
possibility that no targets are present. That is, it
represents target non-existence. A Markov transition
from one multitarget state X’ to another multitarget state
X includes the possibility of transition from X' to &—
i.e, of target disappearance. It also includes the
possibility of transition from & to X—i.e., of target
appearance. In particular: the appearance of a single
target is a transition from the null state X' = & to a
singleton state X = {x}—not from a clutter generator ¢
to a target x.

" Implicit in their Eq. (37) since ¢; # 0, where ¢; is the probability
(density) that a clutter target will transition to an actual target.



Items 1-4, 6, 7: The authors’ derivation of their
corrector equation involves a fatal mathematical error.

To show this, | enter their derivation at their Eq. (20)
in [12]. Let Z = {z,..., Zn} with |Z] = m be the
measurement-set collected at time-step k, and let &=
(n,Xy,..., Xy) be the multitarget state (in a vector notation).
Then the posterior detected-targets distribution is

(&) :%Zlﬂ[ fi (2 1) - Pok(X;) - Dea (X;) (20%)

o j-1 /11|k-1(zoj)
where Dés(X) is the predicted detected-target PHD and
B 1(@) = [ £(Z1%)- Poc(¥) - DY, ()l (15%)

(The authors only implicitly include the factor oy, Also,
I have written (20*) and (15%*) rather than (20) and (15) to
avoid confusion.) In the first paragraph of their Section
6.2, the authors note that Eg. (20*) cannot be the
multitarget distribution of a Poisson process. So they
propose to replace it with its Poisson approximation,®

e’ n

P& == T2, Di(x) (51)

where D¢\ (X) is the intensity function (PHD) of f %(&)
and c is the integral of D (X) -

The authors must determine DE\ (X) - This follows
easily from multitarget calculus: D%(x) = [ f 9({x}uY)sY
=m - f9xm) where f%x|m) isthe marginal for n=m,

OO m) = [ £4(mX X, X )Xol (217)
But the authors claim that multitarget calculus is
superfluous. So instead they assume that, when n=m,
PN X X,) = [0, FO(x, [ m) (26%)
This unrealistic approximation negates their claim to have
a “multitarget” filter.® The marginal turns out to be:
f d (X | m) — lzm fk+1(zr | X) : pD,k (X) : Dl?\k—l(x) (22*)
m i ﬂl\kfl(zr)
The authors then claim, without substantiation, that'
D& () =c- f*(x|m) (27%)
from which follows

d _Cgom fa(z %) pD,k(X) : Dkd|k71(x) (52)
Dk‘k(X) m zr:l ﬂ"lI(—|kfl(Zr)

If they can show that ¢ = m then they will have managed
to reverse-engineer the correct formula for DE (X) - To

this end they claim, without substantiation, that the right-
hand side of Eq. (51) is the “likelihood” for c,
conditioned on & with n=m:*

® This is an extemporized assumption that is not made in the derivation of
the PHD filter. It is a poor approximation since f%X) =0 if n=m.

® This is an extemporized assumption that is not made in the derivation of
the PHD filter. It is highly unrealistic since it means that the targets
must be well-separated with respect to sensor resolution.

0 The authors do not justify this claim, which would appear to require the
FISST multitarget calculus to substantiate.

" The claim that L(c|[X) is a likelihood function—and that it is the
likelihood for c—has no evident justification. For one thing, it cannot
be a likelihood function since it does not integrate to 1.

e’ m ¢ m
Lel9) = 1., Dax) e c (28%)

Finally they claim, without substantiation, that the value
of ¢ can be obtained as the maximum likelihood
estimate:
Cyw. =argsup, L(c| X)=m. (53)
These last two claims result in a fatal error. The
“intensity filter,” no less than any multitarget filter, must
be valid for each and every instantiation of the current
measurement-set Z,. But this cannot be the case. First
note that the only way that ¢ can have a likelihood
function is if it is a random number. Because of Eq.
(27%),
c=c(Z) (54)
is a function of the random variable Z, . It is not possible
for c(Z) to be a constant function of Z. If it were, it
would have a likelihood function of the form
L(c[X) = &(c) (55)
for some c¢’, where &(c) is the Dirac delta function
concentrated at c¢'. But according to Eg. (28*) its
likelihood does not have this form. Thus c(Z,) must be a
non-constant function of Zy . Thus there will be
instantiations of Z, such that c(Z,) = m. (If otherwise,
c(Z) would be constant.) Thus the “intensity filter”
cannot be valid for all possible measurement-collections.
The reason: Egs. (28*,53) are erroneous improvisations.
Item 8: The authors claim that the following is the
“estimated clutter intensity [function]”:

2n(@) = f1(@16)- NG (9) (44%)

Here,
fa@19) =c(2) (56)
is the likelihood that a clutter generator ¢ will generate

measurement z—i.e., it is the clutter spatial density.
Also, NE¢ (g) s the “predicted number of targets in the

k
clutter space™. Either f _ (z|¢) is known a priorior itis

not. If the former then the spatial distribution of %@

is known—contrary to the claim that the “intensity filter”
can estimate the entire clutter intensity. If f.(z|9) is

not known, then X (2) is also not known, again

contrary to claim. Eq. (44*) shows only that, were the
“intensity filter” non-erroneous, at best it would be able to
estimate only the clutter rate, N&¢ (4)-

Item 9: The authors initially claim to be able to
estimate the target birth process, but end up providing a
formula for only the “estimated predicted birth rate”:

Bk (X) = L¢ fkfljil(x | X')' pg,xl:\k—l(xl) ! Dfﬁ‘kil(x')dx' (41*)
Here, x' € Sy, fkffil(XIX') is the Markov density on S*

=Sus,, S (X)) = PE ik is the constant probability

of target survival on S*, and DkEﬁIk—l(x) is the PHD on

S*, known inductively to be constant. For x € S and X'

€ S, the authors define fklEk{l(x |x") =cCy, aconstant that



defines the probability (density) that a clutter target will
transition to an actual target. Thus Eq. (41*) becomes

6k (x)=c,- p;,k|k—1 J. Dfxuk L (x)dx’ (41%)

=C- p;,k\k—l : leﬁ\kfl(¢) (57)
Thus the birth process has a constant intensity function—
a severe restriction, and one that is possible only if S is
bounded. Also, Eqg. (41*) cannot be an estimate of the
target-birth rate. As noted in Item 5, if ¢, = 0 then target
and clutter statistics are intermingled—and thus Eq. (41*)
cannot be the birth rate for actual targets exclusively.

7 Mathematical derivations

The single-sensor LC-CPHD filter is a special case of the
clutter-agnostic CPHD filter of Section 4.2. It is based on
the following assumptions:

* p;, =0—i.e., no clutter generator survives from time-
step k into time-step k+1.
e p,=1—ie, every clutter generator generates a

measurement at time-step k+1.
e Clutter generators appear spontaneously at time-step
k+1. The spatial distribution of the measurements they
generate, Cx.1(2), is known a priori. Their p.g.f. is
By.y(X) = Ca () where ¢, (z) is the known p.g.f. of the

clutter-measurement process and By.y (X) is the p.g.f. of

the birth process for the clutter generators.
In particular, from Eq. (31),

Niaae = N o + Ps e - N:‘k (58)
= NB k+lk — ﬂ“k+1 (59)
Thus from Eq. (34),
N:+l\k+1 — 1- pOD leJ\rli (¢k)
Nl:+l\k Nk+l\k + NlZ+l|k k+1|k(¢k) (60)
z poDCk+1(Z)

+
267, pDNk+1|ka+1(Z) + Dk+1\k[pD L]
and so

N° _ Z ﬂk+1ck+1(z) (61)
K T AeaCin(2) + Dk+1\k[ Pol,]
This equation has no effect on subsequent filter steps
since

N:m“ = Ngooken T Psweapet " Nisawor = Ao (62)
In other words, the filter for N has been disabled. The
only two filtering equations that remain are those for the

PHD and the p.g.f.
Given this, | derive the predictor equations and
corrector equations for the LC-CPHD filter in,

respectively, Section 7.1 and 7.2.

7.1 Predictor equations (single-sensor)

From Eq. (30) the predictor equation for the PHD is:
Dk+l\k(x) = bk+l|k(x) +J. Ps (X)) fk+l|k(X | x")- Dk\k(x)dx (63)
From Eqgs. (32,33) the predictor equation for the p.g.f. is

Gy (¥) = By (X) - By (X) - Gy L=y + - X)
= Bk+1\k(x) Cyn(¥) ‘Gk|k(1_ W W, X)
where
Dy [Ps i 1+ s Ny
Nige + Nige
k\k[ps ol
k|k(1)

K=

7.2 Corrector equations (single-sensor)
First note that, from Eq. (31),

Ny = Nggor + Ps e - N

klk

So, from Eqgs. (34,35) the PHD corrector equation is

= NB‘k+1\k = ﬂ’k+l

Dk+1|k+1(x) _ 1-pp(X) GkTﬂ?(ﬂ)
D 0 Ny + Ny k+1\k(¢k)
Po(X) - L, (x)
vezrn PNk Cia (@) + Dy i [po L]
RESTRONC {0}
Nk T4 G k+1\k (4)
Ly 0L
ez oG (2) + Dk+1\k[ Pol,]
where
b = Dioal = Po]+ Ny L= Pp)

Nygk + Ny
_ Dy 1= po]
Nk+1\k + ﬂku
From Eq. (37) the corrector equation for the p.g.f. is
Gk+1\k+1(x) = W
cea ()

(64)
(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

We also need the corrector equation for the cardinality

distribution. This is given by

1 dnGk+l\k+l
n)=———==(0
pk+1\k+1( ) nl dx" ( )
However,
. d"G,, g d" m
G ()= (X) = (X" -G (x-4)

dx"
= ZLOCM [ j(d s |GLET1\k(X ¢k)J

Zl o ni X" I GIET;\; I)(X'¢k)'¢kn?i
Thus setting x =0,

1 Cow G(0)- 4"
pk+1\k+1(n) = o L :
k+l\k(¢k)

o by () Pig(N)

where

ﬁZkﬂ (n) =

Cn,m . ¢kn7m

(74)

(75)
(76)

(77)

(78)

(79)

(80)



7.3 Predictor equations (multisensor)

Suppose that we have s sensors, each with its own space
of clutter generators. Then the multisensor analogs of the
predictor equations

Dsap (X) = by g (X) + I Ps i (X + figp (X X7) - Dy (X)dx (81)
Nioge = Na o+ Ps e N: (82)

in Section 4.2 are the predictor equations
Dy (x) = bk+1\k(x) + J Ps i (X') - fk+1|k (X[x)- Dy (x)dx (83)
G=1,....5) (84)

J J

] ]
N k+lk = N Btk T P sk N klk

Gyaic (x) = Bk+1\k(x)' B ik (X)f3 Kk (x)- Gy -y +y, X
(85)

Dk\k[ pS‘k] + ZSH p ;,k+1|k N ;|k (86)

s Jo
Ny + HN Kl

Wy

where the notation is self-explanatory.

J

Assume that Pskax =00 Poya =1 Ng,py =k

é;ﬂlk (x) = cj;m(x), (i:gzl = ikﬂ forall j=1,...,s. Then
we get, as claimed,
Dy (X) = bk+1|k(x) +I Ps i (X') - fk+1\k(x [x')- Dk|k(x)dx 87)

Gy (X) = By (X) - ék+1(x)"'ék+1(x) G-y +wi %)
(88)
Dik[Pse]  Dyulps] (89)

K= =

- . GO
Nka +Zsj:1N " k\k( )

7.4 Corrector equations (multisensor)

Eqgs. (17-26) follow from Egs. (38-50). Egs. (47-50) are
no longer needed since Eqgs. (44,46) are replaced by the
multisensor versions of Eqgs. (4,8). Eq. (45) results from
multiplying Eq. (4) by Dwq(X) and integrating over x.

8 Conclusion

I have derived a CPHD filter with computational
complexity O(mn), given that the measurement process of
a clutter generator is Bernoulli. Future research must
determine if this restriction leads to reduced performance.

The new linear-complexity CPHD (LC-CPHD) filter
is a special case of the “clutter-agnostic” CPHD filters
described in [2,9].

| also derived formulas for a multisensor version of
the LC-CPHD filter. It appears that this multisensor filter

has computational complexity o(r}]mﬁm), where rh is

the number of measurements collected by the j™ sensor.
Finally, I demonstrated that the “multitarget intensity
filter” [12] is profoundly erroneous. Moreover, the
simplest filter described in [2,9] (or Section 4.2) is what
results when one replaces the erroneous “PPP approach”
in [12] with a rigorous, genuinely elementary derivation.
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